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Abstract: There are several phenomena where the description by mathematical models is in terms of diffe-
rential equations. Among these phenomena, we can find (1) the diffusion of pollution particles, (2) the growth 
of metal nanoparticles, and (3) the displacement of foam within porous media. In this paper we present some 
solutions for models that depict the two first processes of interest mentioned above, which were programmed 
using libraries for PythonTM, and explore the possibility of applying the programming framework to the third 
application.

The diffusion of air pollutants, specially particulate matter, can be modelled with an advection-diffusion equa-
tion. This equation makes it possible to consider the phenomena that describe the change in concentration of 
particulate matter (PM10 and PM2.5) with time and also the effects of wind and rain. The chosen method to 
tackle the solution for the advection-diffusion equation is the finite-volume method, and i ts respective algo-
rithm makes use of a triangular grid.

On the other hand, the growth of copper nanoparticles on silicon surfaces can be approached from different 
perspectives. Until now we have explored curve fitting to obtain equations that approximate experimental data. 
In addition, the Hamilton-Jacobi equation has been also used to describe this process. Both, curve fitting and 
the solution of Hamilton-Jacobi equation have been implemented in Python.

Finally, the flow of a foam front inside a porous medium can be described using a simplified model for bubble 
films known as the pressure-driven growth m odel. In this application, different formulations can be used as 
well. In particular, an Eulerian model can make use of the so-called Eikonal equation to address its solution 
using triangular meshes.

Implementations of the algorithms to solve the models for the applications of interest use libraries for Python, 
mainly NumPy, OpenMesh©, Matplotlib, pandas, and scikit-image.
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1 INTRODUCTION

Several mathematical models that describe physical phenomena can be expressed by differential equations
[Cha et al. (2000), Roberts (2010)] that generally require numerical methods to determine their solutions, in
particular if analytic solution are not available. In turn, these numerical methods entail algorithms that are
coded using various kinds of programs.

Balance principles for the derivation of models such as the conservation of mass, energy or momentum lead to
equations considered within the theory of conservation laws, which can be set in integral or differential forms
[LeVeque (1992)].

Furthermore, the phenomena of interest in this study, namely, (1) the diffusion of pollutants, (2) the growth
of metal nano particles and (3) the displacement of a foam front, can be laid out with an advection-diffusion
equation, the Hamilton-Jacobi equation and the Eikonal equation, respectively [LeVeque (1992), Osher &
Fedkiw (2003), Sethian (1996)].

Among the different numerical approaches that can be used to deal with conservation laws the finite volume
method is a suitable alternative [Eymard et al. (2000)]. We take advantage of the possibility of using triangular
meshes that this method allows. In addition finite differences can also be employed for the solution of the
Hamilton-Jacobi equation with level set methods [Li et al. (2010)].

In the phase of implementation of the modeling process we choose to use, create and reuse open source
software, specifically within the PythonTM ecosystem, manly by integration of the following libraries: NumPy
[Harris et al. (2020)], OpenMesh©, Matplotlib [Hunter (2007)], pandas [McKinney (2010)] and scikit-image
[van der Walt et al. (2014)]. In this way we can make the documentation, algorithms and codes available to
anyone interested on developing this information starting from what we already obtained.

The structure of the paper is as follows: in Section 2 background, theory and results about the modeling of air
pollution is presented. Section 3 deals with modeling the growth of copper nanoparticles. Section 4 is about
the displacement of a foam front in porous media. Section 5 presents conclusions.

2 DIFFUSION MODEL FOR AIR POLLUTION

Particulate matter. Nowadays air pollution by particulate matter is one of the most relevant environmental
and health concerns, mostly in urban areas. Particulate matter is defined as contaminants found in the air in
the form of solid particles and liquid droplets which contain acids, organic chemicals, metals, and soil or dust
particles [Anderson et al. (2012)]; they are classified according to their size as PM10: with 10 µm diameters,
and PM2.5: diameter of 2.5 µm and smaller [United States Environmental Protection Agency (n.d.)].

According to Newell et al., low and middle-income countries suffer this problem due to the use of wasteful
devices and fuels. In the case of the southern region of Chile, the principal source for household heating
is firewood, which leads to emissions of particulate matter, primarily during the winter season, additional
to emissions from automobiles and industry. The Chilean Environmental Agency collects data and provides
information on air quality [Ministerio del Medio Ambiente (n.d.)]. In the particular case of the Temuco-Padre
las Casas conurbation, in the Aruacania region, there are only three fixed monitoring stations that provide
air quality data, which may not be representative. Therefore, we are interested in simulating how particulate
matter moves through the local urban area.

Model. The proposed model considers the use of the advection-diffusion equation that in turn takes into
account Fick’s law to describe the transport of particulate matter through the air. It also includes terms for
functions corresponding to emissions, and settling. This model is presented in Equation (1).

∂u

∂t
(x, y, t) +∇ · (V u) = ∇ · (D∇u) + E(x, y, t)− ku, (1)

with initial condition: u(x, y, 0) = u0(x, y); where, u is the pollutant concentration, t is time, x and y are
spatial coordinates for a two-dimensional domain, V represents the wind velocity, D stands for the diffusion
coefficient, E is a function for emissions, and k is a settling function.
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Integrating Equation (1) with respect to the control area, C, the following expression is obtained:∫
∆t

∫
C

∂u

∂t
(x, y, t)dAdt =

∫
∆t

∫
C

∇ · (D∇u)dAdt−
∫

∆t

∫
C

∇ · (V u)dAdt

+

∫
∆t

∫
C

E(u)dAdt −
∫

∆t

∫
C

kudAdt. (2)

The physical domain consists on a square polygon (Ω ∈ R2) that covers the urban area of interest, which
considers only the horizontal effects of advection and diffusion, without taking into account the axis z for
height.

Equation (2) is discretized to be solved via the finite volume method. Boundary conditions are considered as
periodic, assuming a continuity on the mesh edges. A fine mesh is generated using a Delaunay triangulation
in OpenMesh; information about the cell barycenters, cell areas, edge centers, edge lengths, and unit normal
vectors to the cells, is obtained, as well as the connectivity information between the cells. In order to obtain
the concentration values on the mesh cells, first the parameters and initial concentration are given, and the
calculations are performed in the overall mesh (vertices and cells) until certain time value. Later on, the
advective and diffusive fluxes are computed using explicit and implicit methods.

In addition to numerical simulations, an analytical solution has also been obtained to benchmark the results.
Implementations of the numerical solution on Python can be found at the following repository: https:
//github.com/guayiyo89/AdvectionDiffusion.

Results. The simulations allow obtaining data on the concentration of particulate matter. Figures 1 and 2
show the solution on a fine triangular mesh that indicate the concentration of particulate matter.

(a)

(b)

(c)

Figure 1. Particulate matter concentration at initial time t = 0. (a) Color scale indicating concentration u,
(b) Numerical solution, (c) Analytical solution.
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(a)

(b)

Figure 2. Particulate matter concentration at time t = 3. (a) Numerical solution, (b) Analytical solution.

It can be observed in Figure 1 that both solutions start with the same particulate matter concentration, but with
time the results are slightly different as shown in Figure 2.

3 GROWTH OF COPPER NANOPARTICLES

Mathematical modeling for the growth of metal particles own its importance to the different potential appli-
cations for the implicated processes where this phenomenon is presented, foremost for the manufacturing of
electronic devices [Oskam et al. (1998), Ghosh (2019)]. One specific case we are interested in is the evolution
of copper nanoparticles deposited on silicon surfaces [Recio et al. (2014)].

The approach we have explored consists of two main aspects. One is determining models that describe experi-
mental data using a numerical scheme for image processing. This gives information on the number of particles
and the area of the silicon surface they cover . The other considers using a Hamilton-Jacobi equation coupled
with a diffusion equation to describe the process. This is based on previous works such as the contribution
of Wei that set the copper deposition model as a reaction-diffusion equation and use level set methods for the
formulation of motion of boundaries [Osher & Fedkiw (2003)].

Models. A simple equation to describe the growth of copper nanoparticles on a silicon surface was derived
fitting a function to experimental data. It is important to note that to be able to perform this step a previous
data processing stage was needed. The inputs for data processing consist of images obtained through atomic
force microscopy (AFM) of silicon substrates with deposited copper nanoparticles through electrodeposition,
using aqueous solutions of CuSO4; the current density was fixed at 100 µA/cm2. Image processing was done
using a code implemented on Python. The outputs are data for the particle size (Y ) versus time (t) from where
the function presented in Equation (3) is obtained.

Y =
4

125
t2 − 21

25
t +

122

5
. (3)

On the other hand, it is possible to consider this phenomenon as the propagation of the copper surface. There-
fore, a model that can depict this case uses a Hamilton-Jacobi equation

vt + ~v · ∇v = 0, (4)

where v = v(x, y, t) is the propagation velocity.
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Substituting the velocity vector, ~v, for the propagation of copper particles in Equation (4), we obtain:

vt =
Fcr

v∗
|∇v|, (5)

where c is concentration of copper ions, v∗ is the level set function inside the interface of interest, F and r are
parameters typical of the application and they are defined in Wei (2011).

The approach to solve Equation (5) is the formulation known as distance regularized level set evolution
(DRLSE) [Li et al. (2010)], which avoids the reinitialization step when using level set methods and also
allows using finite differences as an alternative to the finite volume method. Implementations of algorithms on
Python can be found at https://github.com/mauriciodelatorre.

Results. The growth of copper seeds specifically selected was analyzed. Figure 3 shows a nanoparticle with
a simulated boundary at 30 s.

Figure 3. Level set function evolution (red contour) for the growth of a copper seed at time t =30 s.

We therefore verify that the simulations are able to track the motion of the copper seed surfaces.

4 FOAM FRONT PROPAGATION

The displacement of a foam front in porous media can be modeled using a system of hyperbolic differential
equations obtained when Darcy’s law is applied to the interstitial velocity of the fluid, the so-called Pressure-
driven growth model [Grassia et al. (2014)]. The model has been approached employing both Lagrangian and
Eulerian schemes. However, one pending method to study is the formulation as a boundary value problem that
leads to a formulation that is equivalent to the Eikonal equation [Sethian (1996)].

Model. The model for the foam front propagation set as a system of Eikonal equations for a two-dimensional
domain with coordinates (x, y) on a irregular grid can be set by

||∇T || = v

∇T
||∇T ||

= ∇S, (6)
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where T is the time solution value for the mesh node or cell, v is the propagation velocity, S is the front path
length, and || · || indicates the norm. The system in equation (6) can also be expressed as:

HT (T, S) = ||∇T || − v = 0

HS(T, S) =
∇T
||∇T ||

− ∇S = 0, (7)

where H stands for the Hamiltonian.

Projection. The algorithms and codes for the diffusion of particulate matter and growth of copper nanopar-
ticles will be adjusted to solve the foam front displacement model. In such a way, we can explore different
methods: finite volume methods on triangular meshes, and level set methods, among others.

5 CONCLUSIONS

The diffusion of particulate matter within air pollution and the growth of copper nanoparticles on silicon
surfaces can be modeled with an advection-diffusion equation and the Hamilton-Jacobi equation, respectively.
The simulations make use of Python and some of its libraries. In both cases, results have been obtained for
the concentration of particulate matter on a 2D domain, and the tracking of copper seed surfaces. We expect
to adapt these codes for other applications such as the displacement of a foam front inside porous medium.
Thus, we were able to implement algorithms for these models using an open source software. The codes and
repositories are publicly available for anyone interested in these applications.
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